Quantum Mechanics A
Fall 2010
Instructor: Professor E. Manousakis
Problem Set 1
Problem 1. Consider a general operator M̂ which in the x, y photonpolarization basis is the following 2 × 2 matrix
M̂ =

mxx mxy
myx myy

!

,

mij = hi|M̂ |ji

(1)
(2)

where |ii or |ji stand for any of the two basis vectors |xi and |yi corresponding
to the two photon polarizations.
1. Show that
hΦ|M̂|Ψi∗ = hΨ|M̂ † |Φi

(3)

for any two states |Φi and |Ψi which, in general, are linear combinations
of |xi and |yi, i.e,
|Φi = Φx |xi + Φy |yi,
|Ψi = Ψx |xi + Ψy |yi.

(4)
(5)

2. Show that if |Ψi is chosen such as
M̂ |Ψi = λ|Ψi

(6)

then, necessarily the following follows from that
hΨ|M̂ † = λ∗ hΨ|

(7)

3. Show that the transformation from basis to another is a unitary transformation.
4. Show that the matrix |ΦihΦ| is Hermitian.
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5. Show that the photon spin operator Ŝ discussed in class is Hermitian.
Generally all physical quantities are represented by Hermitian operators.

Problem 2. Let |x(θ)i and |y(θ)i denote the basis rotated by an angle to
the |xi, |yi basis, which correspond to the two distinct photon polarizations.
Show that the two components of a state vector |Ψi in this rotated basis,
i.e., hx(θ)|Ψi and hy(θ)|Ψi obey the following differential equations,
∂
hx(θ)|Ψi = hx(θ)|Ŝ|Ψi,
∂θ
∂
−i hy(θ)|Ψi = hy(θ)|Ŝ|Ψi,
∂θ

−i

(8)
(9)

Problem 3 The trace of an operator Ô in an n dimensional linear space is
the sum of all the diagonal elements of the n×n matrix Onm which represents
the operator Ô in a given basis.
Show that the trace of any such matrix representing an operator is independent of the choice of the basis.
Hint: Use the fact that a transformation from one basis to another is a
unitary transformation (part 3 of Problem 1).
Problem 4. Suppose that a photon is in a state |Ψi. Let
P̂Ψ = |ΨihΨ|.

(10)

1. Show that the expectation value for the photon of a physical quantity
represented by the operator Q̂ is
hΨ|Q̂|Ψi = tr(P̂Ψ Q̂),

(11)

where tr stands for the trace defined in the previous problem.
2. Suppose now that the photon is in a state that is a mixture of the state
|Ψ1 i with probability p1 , |Ψ2 i with probability p2 , etc., where
X

pi = 1.

i

2

(12)

Let,
ρ̂ =

X

pi |Ψi ihΨi |.

(13)

i

Show that the expectation value for this mixed state of a physical
quantity represented by the operator Q̂ is
hQ̂i = tr(ρ̂Q̂),

(14)

3. The matrix ρ̂ is called the density matrix. Show that
tr(ρ̂) = 1,

(15)

Problem 5. In class we proved that the operator which rotates a state |Ψi
by an angle θ is given by
R̂(θ) = cos θ1̂ + i sin θŜ

(16)

where
Ŝ =

0 −i
i 0

!

,

is the photon spin operator and and 1̂ is the unit 2 × 2 matrix

(17)
1 0
0 1

!

.

Show that
R̂(θ) = exp(iθŜ)

(18)

hint: notice that Ŝ 2 = 1 which implies that Ŝ n = 1 for any even power n
and Ŝ n = Ŝ for any odd power n.
Problem 6. The probability that a photon in state |Ψi passes through
an x-polaroid is the average value of a physical observable which might be
called “x-polarizedness.” White down the operator, P̂x , corresponding to this
observable. Show that it is Hermitian. Find its eigenstates and eigenvalues.
Verify that the probability that a photon in state |Ψi passes through the
x-polaroid is hΨ|P̂x |Ψi.
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